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Abstract
Multidimensional cosmological model describing the evolution of (n + 1) Ein-
stein spaces in the theory with several scalar fields and forms is considered. When
a (electro-magnetic composite) p-brane Ansatz is adopted the field equations are
reduced to the equations for Toda-like system. The Wheeler–De Witt equation is
obtained. In the case when n ”internal” spaces are Ricci-flat, one space M0 has a
non-zero curvature, and all p-branes do not ”live” in M0, the classical and quantum
solutions are obtained if certain orthogonality relations on parameters are imposed.
Spherically-symmetric solutions with intersecting non-extremal p-branes are singled
out. A non-orthogonal generalization of intersection rules corresponding to (open,
closed) Toda lattices is obtained. A chain of bosonic D ≥ 11 models (that may
be related to hypothetical higher dimensional supergravities and F -theories) is sug-
gested.
PACS number(s): 04.50.+h, 98.80.Hw, 04.60.Kz
1
1 Introduction
In this paper we continue our investigations of p-brane solutions (see for example [2,
3, 13] and references therein) based on sigma-model approach [11, 16, 17] . (For pure
gravitational sector see [18, 19].)
Here we consider a cosmological case, when all functions depend upon one variable
(time). The model under consideration contains several scalar fields and antisymmetric
forms and is governed by action (2.1).
The considered cosmological model contains some stringy cosmological models (see for
example [10]. It may be obtained (at classical level) from multidimensional cosmological
model with perfect fluid [24]-[28] as an interesting special case.
The paper is organized as follows. In Sect. 2 the model with composite electro-
magnetic p-branes is described. In Sect. 3 the σ-model representation (under certain
constraints on p-branes) is considered and certain scalar invariants are calculated. In
Sect. 4 the Wheeler-DeWitt equation is obtained. Sect. 5 is devoted to exact solutions
(classical and quantum) for orthogonal case, when one factor space is curved. In Subsect.
5.3 spherically symmetric configurations with non-extremal p-branes is singled out. In
Sect. 6 the intersection rules are generalized to non-orthogonal case and a chain of bosonic
BD-models (D ≥ 11) containing ”truncated” D = 11 supergavity model [1] and D = 12
model from [29] is suggested. (It may be supposed that these models or their analogues
may be connected with higher dimensional generalization ofM- and F -theories [4, 5, 6, 7].)
2 The model
Here like in [16] we consider the model governed by the action
S =
1
2κ2
∫
M
dDz
√
|g|{R[g]− 2Λ− hαβ gMN∂Mϕα∂Nϕβ (2.1)
−∑
a∈∆
θa
na!
exp[2λa(ϕ)](F
a)2g}+ SGH ,
where g = gMNdz
M ⊗ dzN is the metric (M,N = 1, . . . , D), ϕ = (ϕα) ∈ IRl is a vector
from dilatonic scalar fields, (hαβ) is a non-degenerate l × l matrix (l ∈ IN), θa = ±1,
F a = dAa =
1
na!
F aM1...Mnadz
M1 ∧ . . . ∧ dzMna (2.2)
is a na-form (na ≥ 1) on aD-dimensional manifoldM , Λ is cosmological constant and λa is
a 1-form on IRl: λa(ϕ) = λaαϕ
α, a ∈ ∆, α = 1, . . . , l. In (2.1) we denote |g| = | det(gMN)|,
(F a)2g = F
a
M1...Mna
F aN1...Nnag
M1N1 . . . gMnaNna , (2.3)
a ∈ ∆, where ∆ is some finite set, and SGH is the standard Gibbons-Hawking boundary
term [23]. In the models with one time all θa = 1 when the signature of the metric is
(−1,+1, . . . ,+1).
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The equations of motion corresponding to (2.1) have the following form
RMN − 1
2
gMNR = TMN − ΛgMN , (2.4)
△[g]ϕα −∑
a∈∆
θa
λαa
na!
e2λa(ϕ)(F a)2g = 0, (2.5)
∇M1 [g](e2λa(ϕ)F a,M1...Mna ) = 0, (2.6)
a ∈ ∆; α = 1, . . . , l. In (2.5) λαa = hαβλaβ , where (hαβ) is matrix inverse to (hαβ). In (2.4)
TMN = TMN [ϕ, g] +
∑
a∈∆
θae
2λa(ϕ)TMN [F
a, g], (2.7)
where
TMN [ϕ, g] = hαβ
(
∂Mϕ
α∂Nϕ
β − 1
2
gMN∂Pϕ
α∂Pϕβ
)
, (2.8)
TMN [F
a, g] =
1
na!
[
−1
2
gMN(F
a)2g + naF
a
MM2...Mna
F
a,M2...Mna
N
]
. (2.9)
In (2.5), (2.6) △[g] and ▽[g] are Laplace-Beltrami and covariant derivative operators
respectively corresponding to g.
Let us consider the manifold
M = IR×M0 × . . .×Mn (2.10)
with the metric
g = we2γ(u)du⊗ du+
n∑
i=0
e2φ
i(u)gi, (2.11)
where w = ±1, u is a distinguished coordinate which, by convention, will be called “time”;
gi = gimini(yi)dy
mi
i ⊗ dynii is a metric on Mi satisfying the equation
Rmini[g
i] = ξig
i
mini
, (2.12)
mi, ni = 1, . . . , di; di = dimMi, ξi = const, i = 0, . . . , n; n ∈ N. Thus, (Mi, gi) are
Einstein spaces. The functions γ, φi: (u−, u+)→ R are smooth.
Each manifold Mi is assumed to be oriented and connected, i = 0, . . . , n. Then the
volume di-form
τi =
√
|gi(yi)| dy1i ∧ . . . ∧ dydii , (2.13)
and the signature parameter
ε(i) = sign det(gimini) = ±1 (2.14)
are correctly defined for all i = 0, . . . , n.
Let
Ω0 = {∅, {0}, {1}, . . . , {n}, {0, 1}, . . . , {0, 1, . . . , n}} (2.15)
be a set of all subsets of
I0 ≡ {0, . . . , n}. (2.16)
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For any I = {i1, . . . , ik} ∈ Ω0, i1 < . . . < ik, we define a form
τ(I) ≡ τi1 ∧ . . . ∧ τik , (2.17)
of rank
d(I) ≡∑
i∈I
di = di1 + . . .+ dik , (2.18)
and a corresponding p-brane submanifold
MI ≡ Mi1 × . . .×Mik , (2.19)
where p = d(I)− 1 (dimMI = d(I)). We also define ε-symbol
ε(I) ≡ ε(i1) . . . ε(ik). (2.20)
For I = ∅ we put τ(∅) = ε(∅) = 1, d(∅) = 0.
For fields of forms we adopt the following ”composite electro-magnetic” Ansatz
F a =
∑
I∈Ωa,e
F (a,e,I) +
∑
J∈Ωa,m
F (a,m,J), (2.21)
where
F (a,e,I) = dΦ(a,e,I) ∧ τ(I), (2.22)
F (a,m,J) = e−2λa(ϕ) ∗
(
dΦ(a,m,J) ∧ τ(J)
)
, (2.23)
a ∈ ∆, I ∈ Ωa,e, J ∈ Ωa,m and
Ωa,e,Ωa,m ⊂ Ω0. (2.24)
(For empty Ωa,v = ∅, v = e,m, we put ∑
∅
= 0 in (2.21)). In (2.23) ∗ = ∗[g] is the Hodge
operator on (M, g).
For the potentials in (2.22), (2.23) we put
Φs = Φs(u), (2.25)
s ∈ S, where
S = Se ⊔ Sm, Sv ≡
∐
a∈∆
{a} × {v} × Ωa,v, (2.26)
v = e,m.
For dilatonic scalar fields we put
ϕα = ϕα(u), (2.27)
α = 1, . . . , l.
¿From (2.22) and (2.23) we obtain the relations between dimensions of p-brane world-
sheets and ranks of forms
d(I) = na − 1, I ∈ Ωa,e, (2.28)
d(J) = D − na − 1, J ∈ Ωa,m, (2.29)
in electric and magnetic cases respectively.
4
3 σ-model representation
Restrictions on Ωa,v. Let
w1 ≡ {i | i ∈ {1, . . . , n}, di = 1}. (3.1)
The set w1 describes all 1-dimensional manifolds among Mi (i ≥ 0). We impose the
following restrictions on the sets Ωa,v (2.24):
Wij(Ωa,v) = ∅, (3.2)
a ∈ ∆; v = e,m; i, j ∈ w1, i < j and
W
(1)
j (Ωa,m,Ωa,e) = ∅, (3.3)
a ∈ ∆; j ∈ w1. Here
Wij(Ω∗) ≡ {(I, J)|I, J ∈ Ω∗, I = {i} ⊔ (I ∩ J), J = {j} ⊔ (I ∩ J)}, (3.4)
i, j ∈ w1, i 6= j, Ω∗ ⊂ Ω0 and
W
(1)
j (Ωa,m,Ωa,e) ≡ {(I, J) ∈ Ωa,m × Ωa,e|I¯ = {j} ⊔ J}, (3.5)
j ∈ w1. In (3.5)
I¯ ≡ I0 \ I (3.6)
is ”dual” set. (The restrictions (3.2) and (3.3) are trivially satisfied when n1 ≤ 1 and
n1 = 0 respectively, where n1 = |w1| is the number of 1-dimensional manifolds among
Mi).
It follows from [16] (see Proposition 2 in [16]) that the equations of motion (2.4)–(2.6)
and the Bianchi identities
dF s = 0, s ∈ S (3.7)
for the field configuration (2.11), (2.21)–(2.25), (2.27) with the restrictions (3.2), (3.3)
imposed are equivalent to equations of motion for σ-model with the action
Sσ =
µ
2
∫
duN
{
Gijφ˙
iφ˙j + hαβϕ˙
αϕ˙β +
∑
s∈S
εs exp[−2Us(φ, ϕ)](Φ˙s)2 − 2N−2V (φ)
}
, (3.8)
where x˙ ≡ dx/du,
V = V (φ) = −wΛe2γ0(φ) + w
2
n∑
i=0
ξidie
−2φi+2γ0(φ) (3.9)
is the potential with
γ0(φ) ≡
n∑
i=0
diφ
i, (3.10)
and
N = exp(γ0 − γ) > 0 (3.11)
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is the lapse function,
Us = Us(φ, ϕ) = −χsλas(ϕ) +
∑
i∈Is
diφ
i, (3.12)
εs = (−ε[g])(1−χs)/2ε(Is)θas (3.13)
for s = (as, vs, Is) ∈ S, ε[g] = sign det(gMN),
χs = +1, vs = e; (3.14)
χs = −1, vs = m, (3.15)
and
Gij = diδij − didj (3.16)
are components of the ”pure cosmological” minisupermetric, i, j = 0, . . . , n [22].
In the electric case (F (a,m,I) = 0) for finite internal space volumes Vi the action (3.8)
coincides with the action (2.1) if µ = −w/κ20, κ2 = κ20V0 . . . Vn.
Action (3.8) may be also written in the form
Sσ =
µ
2
∫
duN
{
GAˆBˆ(X)X˙ AˆX˙ Bˆ − 2N−2V (X)
}
, (3.17)
where X = (X Aˆ) = (φi, ϕα,Φs) ∈ RN , and minisupermetric
G = GAˆBˆ(X)dX Aˆ ⊗ dX Bˆ (3.18)
on minisuperspace
M = RN , N = n+ 1 + l + |S| (3.19)
(|S| is the number of elements in S) is defined by the relation
(GAˆBˆ(X)) =


Gij 0 0
0 hαβ 0
0 0 εse
−2Us(X)δss′

 . (3.20)
3.1 Scalar products
The minisuperspace metric (3.18) may be also written in the form
G = G¯+∑
s∈S
εse
−2Us(x)dΦs ⊗ dΦs, (3.21)
where x = (xA) = (φi, ϕα),
G¯ = G¯ABdx
A ⊗ dxB = Gijdφi ⊗ dφj + hαβdϕα ⊗ dϕβ, (3.22)
(G¯AB) =
(
Gij 0
0 hαβ
)
, (3.23)
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Us(x) = UsAx
A is defined in (3.12) and
(UsA) = (diδiIs,−χsλasα). (3.24)
Here
δiI ≡
∑
j∈I
δij =
1, i ∈ I
0, i /∈ I (3.25)
is an indicator of i belonging to I. The potential (3.9) reads
V = (−wΛ)e2UΛ(x) +
n∑
j=0
w
2
ξjdje
2Uj(x), (3.26)
where
U j(x) = U jAx
A = −φj + γ0(φ), (3.27)
UΛ(x) = UΛAx
A = γ0(φ), (3.28)
(U jA) = (−δji + di, 0), (3.29)
(UΛA) = (di, 0). (3.30)
The integrability of the Lagrange system (3.17) crucially depends upon the scalar
products of co-vectors UΛ, U j , Us corresponding to G¯:
(U, U ′) = G¯ABUAU
′
B, (3.31)
where
(G¯AB) =
(
Gij 0
0 hαβ
)
(3.32)
is matrix inverse to (3.23). Here (as in [22])
Gij =
δij
di
+
1
2−D, (3.33)
i, j = 0, . . . , n. These products have the following form
(U i, U j) =
δij
dj
− 1, (3.34)
(U i, UΛ) = −1, (3.35)
(UΛ, UΛ) = −D − 1
D − 2 , (3.36)
(Us, Us
′
) = q(Is, Is′) + χsχs′λas · λas′ , (3.37)
(Us, U i) = −δiIs , (3.38)
(Us, UΛ) =
d(Is)
2−D, (3.39)
where s = (as, vs, Is), s
′ = (as′, vs′, Is′) ∈ S,
q(I, J) ≡ d(I ∩ J) + d(I)d(J)
2−D , (3.40)
λa · λb ≡ λaαλbβhαβ . (3.41)
Relations (3.34)-(3.36) were found in [28] and (3.37) in [16].
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4 Wheeler–De Witt equation
Here we fix the gauge as follows
γ0 − γ = f(X), N = ef , (4.1)
where f : M → R is a smooth function. Then we obtain the Lagrange system with the
Lagrangian
Lf =
µ
2
efGAˆBˆ(X)X˙ AˆX˙ Bˆ − µe−fV (4.2)
and the energy constraint
Ef =
µ
2
efGAˆBˆ(X)X˙ AˆX˙ Bˆ + µe−fV = 0. (4.3)
Using the standard prescriptions of (covariant and conformally covarint) quantization
(see, for example, [20, 21, 22]) we are led to the Wheeler-DeWitt (WDW) equation
HˆfΨf ≡
(
− 1
2µ
∆
[
efG
]
+
a
µ
R
[
efG
]
+ e−fµV
)
Ψf = 0, (4.4)
where
a = aN =
N − 2
8(N − 1) . (4.5)
Here Ψf = Ψf(X) is the so-called ”wave function of the universe” corresponding to the
f -gauge (4.1), and satisfying the relation
Ψf = ebfΨf=0, b = (2−N)/2, (4.6)
(∆[G1] and R[G1] denote the Laplace-Beltrami operator and the scalar curvature corre-
sponding to G1).
For the scalar curvature of minisupermetric (3.21) we get (see (2.29) in [16])
R[G] = −∑
s∈S
(Us, Us)− ∑
s,s′∈S
(Us, Us
′
). (4.7)
For the Laplace operator we obtain
∆[G] = eU(x) ∂
∂xA
(
G¯ABe−U(x)
∂
∂xB
)
+
∑
s∈S
εse
2Us(x)
(
∂
∂Φs
)2
, (4.8)
where U(x) =
∑
s∈S U
s(x).
Harmonic-time gauge. The WDW equation (4.4) for f = 0
HˆΨ ≡
(
− 1
2µ
∆[G] + a
µ
R[G] + µV
)
Ψ = 0, (4.9)
may be rewritten, using relations (4.7), (4.8) and
Usi = GijUsj = δiIs −
d(Is)
D − 2 , U
sα = −χsλαas , (4.10)
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as follows
2µHˆΨ =

−Gij ∂∂φi ∂∂φj − hαβ ∂∂ϕα ∂∂ϕβ −
∑
s∈S
εse
2Us(φ,ϕ)
(
∂
∂Φs
)2
(4.11)
+
∑
s∈S

∑
i∈Is
∂
∂φi
− d(Is)
D − 2
n∑
j=0
∂
∂φj
− χsλαas
∂
∂ϕα

+ 2aR[G] + 2µ2V

Ψ = 0.
Here Hˆ ≡ Hˆf=0 and Ψ ≡ Ψf=0.
5 Exact solutions with one curved factor space and
orthogonal U s
Here we put the following restrictions on the parameters of the model
(i) Λ = 0, (5.1)
i.e. the cosmological constant is zero,
(ii) ξ0 6= 0, ξ1 = . . . = ξn = 0, (5.2)
i.e. one space is curved and others are Ricci-flat,
(iii) 0 /∈ Is, ∀s = (as, vs, Is) ∈ S, (5.3)
i.e. all ”brane” submanifolds MIs (see (2.19)) do not contain M0.
We also put the following orthogonality restriction on the vectors Us
(iv) (Us, Us
′
) = d(Is ∩ Is′) + d(Is)d(Is′)
2−D + χsχs′λasαλas′βh
αβ = 0, (5.4)
for s 6= s′, s = (as, vs, Is), s′ = (as′, vs′, Is′) ∈ S and
(v) (Us, Us) 6= 0 (5.5)
for all s ∈ S.
¿From (i), (ii) we get for the potential (3.26)
V =
1
2
wξ0d0e
2U0(x), (5.6)
where
(U0, U0) =
1
d0
− 1 < 0 (5.7)
(see (3.34)).
¿From (iii) and (3.38) we get
(U0, Us) = 0 (5.8)
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for all s ∈ S. Thus, all co-vectors U0, Us (s ∈ S) belonging to dual space (Rn+1+l)∗ ≃
Rn+1+l are orthogonal with respect to the scalar product (3.31).
Let
ηs ≡ sign(Us, Us), (5.9)
and |S|± is the number of Us with ηs = ±1; |S|+ + |S|− = |S|. Let the matrix (hαβ)
has the signature (−1, . . . ,−1︸ ︷︷ ︸
l−
,+1, . . . ,+1︸ ︷︷ ︸
l+
) (l−+ l+ = l). The matrix (Gij) has a pseudo-
Euclidean signature (−1,+1, . . . ,+1︸ ︷︷ ︸
n
) [22]. Then from (5.7)–(5.8) we obtain |S|− ≤ l−,
|S|+ ≤ n+ l+ and hence
|S| ≤ n+ l. (5.10)
Thus we obtain the restriction on the number of orthogonal (in minisupermetric (3.32))
p-brane configurations.
5.1 Quantum solutions
The truncated minisuperspace metric (3.23) may be diagonalized by the linear transfor-
mation
zA = SABx
B, (zA) = (z0, za, zs) (5.11)
as follows
G¯ = G¯ABdx
A ⊗ dxB = −dz0 ⊗ dz0 +∑
s∈S
ηsdz
s ⊗ dzs + dza ⊗ dzbηab, (5.12)
where a, b = 1, . . . , n+ l − |S|; ηab = ηaaδab; ηaa = ±1, and
q0z
0 = U0(x), (5.13)
qsz
s = Us(x), (5.14)
with
q0 ≡
√
|(U0, U0)| =
√
1− 1
d0
> 0, (5.15)
qs = ν
−1
s ≡
√
|(Us, Us)| =
√√√√∣∣∣∣∣d(Is)
(
1 +
d(Is)
2−D
)
+ λ2as
∣∣∣∣∣ > 0, (5.16)
s = (as, vs, Is) ∈ S.
¿From (4.8), (5.11), (5.12) and (5.14) we get
∆[G] = −
(
∂
∂z0
)2
+ ηab
∂
∂za
∂
∂zb
+
∑
s∈S
ηse
qszs
∂
∂zs
(
e−qsz
s ∂
∂zs
)
(5.17)
+
∑
s∈S
εse
2qszs
(
∂
∂Φs
)2
.
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The relation (4.7) in the orthogonal case reads as
R[G] = −2∑
s∈S
(Us, Us) = −2∑
s∈S
ηsq
2
s . (5.18)
We are seeking the solution to WDW equation (4.9) by the method of the separation
of variables, i.e. we put
Ψ∗(z) = Ψ0(z
0)
(∏
s∈S
Ψs(z
s)
)
eiPsΦ
s
eipaz
a
. (5.19)
It follows from (5.17) that Ψ∗(z) satisfies WDW equation (4.9) if
2Hˆ0Ψ0 ≡


(
∂
∂z0
)2
+ µ2wξ0d0e
2q0z0

Ψ0 = 2E0Ψ0; (5.20)
2HˆsΨs ≡
{
−ηseqszs ∂
∂zs
(
e−qsz
s ∂
∂zs
)
+ εsP
2
s e
2qszs
}
Ψs = 2EsΨs, (5.21)
s ∈ S, and
2E0 + ηabpapb + 2
∑
s∈S
Es + 2aR[G] = 0, (5.22)
with a and R[G] from (4.5) and (5.18) respectively.
Using the relations from Appendix 1 we obtain linearly independent solutions to (5.20)
and (5.21) respectively
Ψ0(z
0) = B0ω0(E0)
(√
−wµ2ξ0d0 e
q0z0
q0
)
, (5.23)
Ψs(z
s) = eqsz
s/2Bsωs(Es)
(√
ηsεsP 2s
eqsz
s
qs
)
, (5.24)
where
ω0(E0) =
√
2E0/q0, ωs(Es) =
√
1
4
− 2ηsEsν2s , (5.25)
s ∈ S and B0ω, Bsω = Iω, Kω are the modified Bessel function.
The general solution of the WDW equation (4.9) is a superposition of the ”separated”
solutions (5.19):
Ψ(z) =
∑
B
∫
dpdPdEC(p, P, E , B)Ψ∗(z|p, P, E , B), (5.26)
where p = (pa), P = (Ps), E = (Es), B = (B0, Bs), B0, Bs = I,K; and Ψ∗ =
Ψ∗(z|p, P, E , B) is given by relation (5.19), (5.23)–(5.25) with E0 from (5.22). Here
C(p, P, E , B) are smooth enough functions. In non-composite electric case these solu-
tions were considered recently in [35].
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5.2 Classical solutions
5.2.1. Toda-like representation.
Here we will integrate the Lagrange equations corresponding to the Lagrangian (4.2)
with the energy-constraint (4.3) and hence we will find classical exact solutions when
the restrictions (5.1)–(5.5) are imposed. We put f = 0, i.e. the harmonic time gauge is
considered.
The problem of integrability may be simplified if we integrate the Maxwell equations
(for s ∈ Se) and Bianchi identities (for s ∈ Sm):
d
du
(
exp(−2Us)Φ˙s
)
= 0⇐⇒ Φ˙s = Qs exp(2Us), (5.27)
where Qs are constants, s = (as, vs, Is) ∈ S.
Let
Qs 6= 0, s ∈ S∗; (5.28)
Qs = 0, s ∈ S \ S∗,
where S∗ ⊂ S is a non-empty subset of S.
For fixed Q = (Qs, s ∈ S∗) the Lagrange equations for the Lagrangian (4.2) with f = 0
corresponding to (xA) = (φi, ϕα), when equations (5.27) are substituted are equivalent to
the Lagrange equations for the Lagrangian
LQ =
1
2
G¯ABx˙
Ax˙B − VQ, (5.29)
where
VQ = V +
1
2
∑
s∈S∗
εsQ
2
s exp[2U
s(x)], (5.30)
(G¯AB) and V are defined in (3.23) and (3.9) respectively. The zero-energy constraint (4.3)
reads
EQ =
1
2
G¯ABx˙
Ax˙B + VQ = 0. (5.31)
5.2.1. Exact solutions for one curved space and orthogonal Us.
When the conditions (i)–(v) are satisfied exact solutions for Lagrangian (5.29) with
the potential (5.30) and V from (5.6) could readily obtained using the relations from
Appendix 2.
The solutions read:
xA(u) = − U
0A
(U0, U0)
ln |f0(u− u0)| −
∑
s∈S∗
UsA
(Us, Us)
ln |fs(u− us)|+ cAu+ c¯A, (5.32)
where u0, us are constants, s ∈ S∗. Functions f0 and fs in (5.32) are the following:
f0(τ) =
∣∣∣∣∣ξ0(d0 − 1)C0
∣∣∣∣∣
1/2
sh(
√
C0τ), C0 > 0, ξ0w > 0; (5.33)
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∣∣∣∣∣ξ0(d0 − 1)C0
∣∣∣∣∣
1/2
sin(
√
|C0|τ), C0 < 0, ξ0w > 0; (5.34)
∣∣∣∣∣ξ0(d0 − 1)C0
∣∣∣∣∣
1/2
ch(
√
C0τ), C0 > 0, ξ0w < 0; (5.35)
|ξ0(d0 − 1)|1/2 τ, C0 = 0, ξ0w > 0, (5.36)
and
fs(τ) =
|Qs|
νs|Cs|1/2 sh(
√
Csτ), Cs > 0, ηsεs < 0; (5.37)
|Qs|
νs|Cs|1/2 sin(
√
|Cs|τ), Cs < 0, ηsεs < 0; (5.38)
|Qs|
νs|Cs|1/2 ch(
√
Csτ), Cs > 0, ηsεs > 0; (5.39)
|Qs|
νs
τ, Cs = 0, ηsεs < 0, (5.40)
where C0 and Cs are constants. Here we used the relations (5.7)-(5.9). The contravariant
components U0A = G¯ABU0B are
U0i = − δ
i
0
d0
, U0α = 0. (5.41)
Corresponding relations for UsA, s ∈ S, were presented in (4.10).
Using (5.32), (5.7), (5.16), (4.10) and (5.41) we obtain
φi =
δi0
1− d0 ln |f0|+
∑
s∈S∗
αis ln |fs|+ ciu+ c¯i, (5.42)
where
αis = −ηsν2s
(
δiIs −
d(Is)
D − 2
)
, (5.43)
s ∈ S, and
ϕα =
∑
s∈S∗
ηsν
2
sχsλ
α
as ln |fs|+ cαu+ c¯α, (5.44)
α = 1, . . . , l.
Vectors c = (cA) and c¯ = (c¯A) satisfy the linear constraint relations (see Appendix 2)
U0(c) = U0Ac
A = −c0 +
n∑
j=0
djc
j = 0, (5.45)
U0(c¯) = U0Ac¯
A = −c¯0 +
n∑
j=0
dj c¯
j = 0, (5.46)
Us(c) = UsAc
A =
∑
i∈Is
dic
i − χsλasαcα = 0, (5.47)
Us(c¯) = UsAc¯
A =
∑
i∈Is
dic¯
i − χsλasαc¯α = 0, (5.48)
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s ∈ S. The harmonic gauge function (3.10) reads
γ0(φ) =
d0
1− d0 ln |f0|+
∑
s∈S∗
d(Is)
D − 2ηsν
2
s ln |fs|+ c0u+ c¯0. (5.49)
The zero-energy constraint reads (see Appendix 2)
E = E0 +
∑
s∈S∗
Es +
1
2
G¯ABc
AcB = 0, (5.50)
where C0 = 2E0(U
0, U0), Cs = 2Es(U
s, Us). Using the relations (5.15), (5.16), (5.45) we
rewrite (5.50) as
C0
d0
d0 − 1 =
∑
s∈S∗
Csν
2
sηs + hαβc
αcβ +
n∑
i=1
di(c
i)2 +
1
d0 − 1
(
n∑
i=1
dic
i
)2
. (5.51)
¿From relation
exp 2Us = f−2s , (5.52)
following from (5.32), (5.4), (5.8), (5.47), (5.48) we get for electric-type forms (2.22)
F s = Qsf
−2
s du ∧ τ(Is), (5.53)
s ∈ Se, and for magnetic-type forms (2.23)
F s = e−2λa(ϕ) ∗
[
Qsf
−2
s du ∧ τ(Is)
]
= Q¯sτ(I¯s), (5.54)
s ∈ Sm, where Q¯s = Qsε(Is)µ(Is)w and µ(I) = ±1 is defined by the relation µ(I)du ∧
τ(I0) = τ(I¯) ∧ du ∧ τ(I). The relation (5.54) may be readily obtained using the formula
(5.28) from [16] (for γ = γ0).
Relations for the metric follows from (5.42), (5.43) and (5.49)
g =
( ∏
s∈S∗
[f 2s (u− us)]ηsd(Is)ν
2
s/(D−2)
){
[f 20 (u− u0)]d0/(1−d0)e2c
0u+2c¯0 (5.55)
×[wdu⊗ du+ f 20 (u− u0)g0] +
∑
i 6=0
( ∏
s∈S∗
Is∋i
[f 2s (u− us)]−ηsν
2
s
)
e2c
iu+2c¯igi
}
.
Thus we obtained exact solutions for multidimensional cosmology, describing the evo-
lution of (n + 1) spaces (M0, g0), . . . , (Mn, gn), where (M0, g0) is an Einstein space of
non-zero curvature, and (Mi, g
i) are ”internal” Ricci-flat spaces, i = 1, . . . , n; in the pres-
ence of several scalar fields and forms. The solution is presented by relations (5.44),
(5.53)-(5.55) with the functions f0, fs defined in (5.33)–(5.40) and the relations on the
parameters of solutions cA, c¯A (A = i, α), C0, Cs (s ∈ S∗), νs, imposed in (5.45)–(5.48),
(5.51), (5.16), respectively.
This solution describes a set of charged (by forms) overlapping p-branes (ps = d(Is)−1,
s ∈ S∗) ”living” on submanifolds MIs (2.19), where the sets Is do not contain 0, i.e. all
p-branes live in ”internal” Ricci-flat spaces.
The solution is valid if the dimensions of p-branes and dilatonic coupling vector satisfy
the relations (5.4). In non-composite case these solutions were considered recently in
[35, 36] (electric case) and [37] (electro-magnetic case). For n = 1 see also [8, 10].
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5.3 Spherically symmetric solutions
To illustrate the general solution from Subsect. 5.2 let us consider also the spherically
symmetric case
w = 1, M0 = S
d0 g0 = dΩ2d0 , (5.56)
where dΩ2d0 is canonical metric on unit sphere S
d0. We also assume that M1 = R,
g1 = −dt⊗ dt and
1 ∈ Is, ∀s ∈ S∗, (5.57)
i. e. all p-branes have common time direction t. Let
ηsεs = −1, (5.58)
s ∈ S∗. For integration constants we put c¯A = 0,
cA = µ¯
∑
r∈S¯
U rA
(U r, U r)
− µ¯δA1 , (5.59)
C0 = Cs = µ¯
2, (5.60)
where µ¯ > 0 and S¯ = {0} ∪ S. Here A = (iA, αA) and A = 1 means iA = 1. It may be
verified that the restrictions (5.45)-(5.48) and (5.51) are satisfied identically.
We also introduce new radial variable R = R(u) by relations
exp(−2µ¯u) = 1− 2µ
Rd¯
, µ = µ¯d¯ > 0, d¯ = d0 − 1, (5.61)
and put u0 = 0, us < 0,
|Qs|
µ¯νs
sinh βs = 1, βs ≡ µ¯|us|, s ∈ S∗. (5.62)
Then, solutions for the metric and scalar fields (see (5.44), (5.55)) are the following
g =
( ∏
s∈S∗
H2ηsd(Is)ν
2
s/(D−2)
s
){ dR⊗ dR
1− 2µ/Rd¯ +R
2dΩ2d0 (5.63)
−
( ∏
s∈S∗
H−2ηsν
2
s
s
)(
1− 2µ
Rd¯
)
dt⊗ dt+
n∑
i=2
( ∏
s∈S∗
Is∋i
H−2ηsν
2
s
s
)
gi
}
,
ϕα =
∑
s∈S∗
ηsν
2
sχsλ
α
as lnHs, (5.64)
where
Hs = 1 +
Ps
Rd¯
, Ps ≡ |Qs|d¯
νs
e−βs, (5.65)
s ∈ S∗.
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The fields of forms are given by (2.22), (2.23) with
Φs =
νs
H ′s
, (5.66)
H
′
s =
(
1− P
′
s
HsRd¯
)−1
= 1 +
P ′s
Rd¯ + Ps −P ′s
, (5.67)
P ′s ≡ −
Qsd¯
νs
. (5.68)
s ∈ S∗. It follows from (5.62), (5.65) and (5.68) that
|P ′s| =
µ
sinh βs
= Pseβs =
√
Ps(Ps + 2µ), (5.69)
s ∈ S∗.
The solutions obtained describe non-extremal charged intersecting p-branes and agree
with those ¿from Refs. [9], [14], [15] (d1 = . . . = dn = 1, ηs = +1) and [37] (ηs = +1,
non-composite case).
We note that Hawking temperature corresponding to the solution is (see also [15, 37])
TH =
d¯
4π(2µ)1/d¯
∏
s∈S∗
(
2µ
2µ+ Ps
)ηsν2s
. (5.70)
Recall that ηsν
2
s = (U
s, Us)−1.
5.4 WDW equation with fixed charges
We may consider also another scheme based on zero-energy constraint relation (5.31).
The corresponding WDW equation in the harmonic gauge reads
HˆQΨ ≡
(
− 1
2µ
G¯AB
∂
∂xA
∂
∂xB
+ µVQ
)
Ψ = 0, (5.71)
where potential VQ is defined in (5.30). This equation describes quantum cosmology with
classical fields of forms and quantum scale factors and dilatonic fields. Such approach is
equivalent to the scheme of quantization of multidimensional perfect fluid considered in
[24].
Eq. (5.71) is readily solved in the orthogonal case (5.4). The basis of solutions is given
by the following replacements in (5.19), (5.22), (5.24) and (5.25) respectively
Ps 7→ Qs, (5.72)
2aR[G] 7→ 0, (5.73)
Ψs(z
s) 7→ Bsωs
(√
ηsεsQ2s
eqsz
s
qs
)
, (5.74)
ωs 7→
√
−2ηsEsν2s . (5.75)
We note that recently such solution for the special case with one internal space (n = 1)
and non-composite p-branes was considered in [34].
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6 Intersection rules for integrable configurations with
orthogonal and non-orthogonal U s
In this section we analyze in details the orthogonality relation (5.4). According to (2.28),
(2.29), (5.3) and (5.4) there exist some obstacles for the existence of binary configurations,
i. e. solutions with two p-branes. For these reason some restrictions on the model (2.1)
(e. g. on dimension D, ranks of forms na and scalar products for dilatonic couplings
λa · λb) and the manifold (2.10) (e.g. on dimensions d0, d1, . . . dn) should be imposed. For
example, there are no binary configurations when: i) all λa · λb are irrational; ii) d0 is big
enough, i. e. the dimension of ”internal” space (where all p-branes live) D − d0 − 1 is
too small; iii) dimensions of factor spaces di (i ≥ 1) do not fit the ranks of forms na (see
(2.28) and (2.29)).
In subsection 6.1 we propose a sufficiency condition for the existence of ”full” spectrum
of p-brane pairs (see Propositions 1, 2). This condition is formulated in terms of so-called
fundamental matrix of the model.
In subsection 6.2 we suggest a chain of D ≥ 11 models (”beautiful” models). These
models satisfy conditions of Proposition 1 for d0 = 2. They may be considered as a
nice polygon for investigating of solutions with intersecting p-branes and possible gen-
eralization to higher dimensional supergravitational and super-p-brane models (FD- or
MD-theories).
In subsection 6.3 we consider the generalization of the orthogonality relation leading
to some other integrable Euclidean Toda-like Lagrangians and find corresponding inter-
section rules. This result may be considered as a ”bridge” between Toda lattices (open,
closed etc.) and intersecting p-branes. It opens a new area for using of Lie algebras (e.
g. affine Lie algebras etc.) in the (classical and quantum) models with p-branes.
6.1 Orthogonal U s
In Sect. 5 we obtained exact cosmological solutions for the model (2.1) with Λ = 0 defined
on the manifold (2.10). In (2.10) M0 is an Einstein space of non-zero curvature and hence
d0 = dimM0 > 1. All p-branes ”live” in internal space
M¯ = M1 × . . .×Mn (6.1)
((Mi, g
i) are Ricci-flat). Here we treat the existence of the solutions with two p-branes.
Let us consider such solution with set of indices S∗ = {s1, s2}, s1 6= s2, where s1 =
(as1, vs1, Is1), s1 = (as1, vs1, Is1); as1 , as2 ∈ ∆; vs1, vs2 ∈ {e,m}; Is1, Is2 ⊂ {1, . . . , n}.
The orthogonality relation (5.4) defines the intersections rule
d(Is1 ∩ Is2) = ∆(s1, s2), (6.2)
where
∆(s1, s2) ≡ d(Is1)d(Is2)
D − 2 − χs1χs2λas1 · λas2 , (6.3)
s1 6= s2. It follows from (6.2) that in orthogonal case
∆(s1, s2) ∈ Z+ ≡ {0, 1, 2, . . .}. (6.4)
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The intersection symbol (6.3) is symmetric: ∆(s1, s2) = ∆(s2, s1). In orthogonal case
it satisfies the obvious restrictions
∆(s1, s2) ≤ min(d(Is1), d(Is2)), (6.5)
d(Is1 ∪ Is2) = d(Is1) + d(Is2)−∆(s1, s2) ≤ D − d0 − 1 = dimM¯. (6.6)
The latter follows from the inclusion MIs1∪Is2 ⊂ M¯ .
We recall that dimensions d(Is) obey the relations (2.28) and (2.29) that may be
written as follows
d(Is) = D¯χ¯s + n¯asχs, (6.7)
where D¯ = D − 2, n¯a = na − 1 and χ¯s = 12(1 − χs) = 0, 1 (χs = 1,−1) for vs = e,m
respectively.
Let
N(a, b) ≡ (na − 1)(nb − 1)
D − 2 − λa · λb, (6.8)
a, b ∈ ∆. We call (N(a, b)) fundamental matrix of the model (2.1).
¿From (6.3) and (6.7) we obtain
∆(s1, s2) = D¯χ¯s1χ¯s2 + n¯as1χs1χ¯s2 + n¯as2χs2χ¯s1 +N(as1 , as2)χs1χs2 , (6.9)
or, more explicitly,
∆(s1, s2) = N(as1 , as2), vs1 = vs2 = e; (6.10)
n¯as1 −N(as1 , as2), vs1 = e, vs2 = m; (6.11)
D¯ − n¯as1 − n¯as2 +N(as1 , as2), vs1 = vs2 = m. (6.12)
Thus N(a, b) is the dimension of intersection for two electric p-branes charged by forms
F a and F b respectively. Fundamental matrix defines the intersection rules in electro-
magnetic case too.
Remark 1. The matrix (6.8) is unchanged if n¯a 7→ kn¯a D¯ 7→ k2D¯, k ∈ N. For
example, we may consider the chain of models with D = 9k2 + 2, n = rankF = 3k + 1
originating ¿from truncated bosonic part of D = 11 supergravity.
Proposition 1. Let matrix (6.8) satisfies the following restrictions
A) N(a1, a2) ∈ Z+; N(a1, a2) ≥ d0 − 1;
(B) N(a1, a2) ≤ min(na1 , na2)− d0;
(C) N(a1, a2) ≥ na1 + na2 −D + d0 − 1,
for any a, b ∈ ∆ (d0 > 1). Then ∆(s1, s2) ¿from (6.9) satisfies consistency relations
(6.4)-(6.6) for any s1 6= s2 (with d(Is) from (6.7)).
Proof. Let us consider three cases: (ee) vs1 = vs2 = e; (em) vs1 = e, vs2 = m; (mm)
vs1 = vs2 = m. Relation (6.4) follows ¿from restrictions (A), (B) and (C) for (ee), (em)
and (mm) cases respectively. Analogously (6.5) follows ¿from (B), (C) and (B) and (6.6)
follows ¿from (C), (B) and (A) for (ee), (em) and (mm) cases respectively. Proposition
is proved.
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¿From relation (B) and d0 > 1 we get
K(a) ≡ na − 1−N(a, a) > 0 (6.13)
and hence
(Us, Us) = K(as) > 0. (6.14)
Thus, inequalities (5.5) are satisfied.
Definition 1. The model (2.1) with Λ = 0 defined on the manifold (2.10) is called
binary complete if for any a1, a2 ∈ ∆, v1, v2 ∈ {e,m} there exists cosmological solution
from 5.2.1 with two intersecting p-branes defined by indices s1 = (a1, v1, I1) 6= s2 =
(a2, v2, I2).
For binary complete model we have the maximal number |∆|(2|∆| + 1) of different
types of binary configurations (formed by |∆| electric and |∆| magnetic p-branes).
Definition 2. The matrix (6.8) satisfying the restrictions (A), (B) and (C) of Propo-
sition 1 is called d0-proper.
¿From Proposition 1 and (6.14) we obtain
Proposition 2. The model (2.1) with Λ = 0 defined on the manifold (2.10) with
M1 = . . .Mn = R (n = D − 1 − d0, d0 > 1) is binary complete if fundamental matrix
(6.8) of this model is d0-proper.
In the next subsection we apply these propositions for D = 11 supergravity and the
chain of D > 11 models.
6.2 Example: chain of BD-models
Let us consider the action in dimension D
SD =
∫
M
dDz
√
|g|{R[g] + gMN∂M ~ϕ∂N ~ϕ−
D−7∑
a=4
1
a!
exp[2~λa~ϕ](F
a)2}, (6.15)
where ~ϕ = (ϕ1, . . . , ϕl) ∈ Rl, ~λa = (λa1, . . . , λal) ∈ Rl, l = D − 11, rankF a = a,
a = 4, . . . , D − 7. Here vectors ~λa satisfy the relations
~λa~λb = N(a, b)− (a− 1)(b− 1)
D − 2 , (6.16)
N(a, b) = min(a, b)− 3, (6.17)
a, b = 4, . . . , D − 7.
The vectors ~λa are linearly dependent
~λD−7 = −2~λ4. (6.18)
For D > 11 vectors ~λ4, . . . , ~λD−8 are linearly independent.
The model (6.15) contains l scalar fields with negative kinetic term (i.e. hαβ = −δαβ
in (2.1)) coupled with l + 1 forms. For D = 11 (l = 0) the model (6.15) coincides with
truncated bosonic sector of D = 11 supergravity (”truncated” means without Chern-
Simons term). For D = 12 (l = 1) (6.15) coincides with truncated D = 12 model from
[29] (see also [16]). We call the model (6.15) BD-model.
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The matrix (6.17) is fundamental matrix (see (6.8)) of the model (since λa·λb = − ~λa ~λb,
na = a).
The dimensions of p-brane worldsheets are (see (6.7))
d(I) = 3, . . . , D − 8, I ∈ Ωa,e, (6.19)
D − 5, . . . , 6, I ∈ Ωa,m. (6.20)
We have (l+1) electric and (l+1) magnetic p-branes p = d(I)−1. The intersection rules
are given by (6.9). For D = 12 see also [16].
Fundamental matrix (6.17) is d0-proper, iff d0 = 2 and hence BD-model is binary
complete if the manifold decomposition (2.10) with M1 = . . .Mn = R, n = D− 3, d0 = 2
is chosen. So, for spherically-symmetric solutions the binary-completeness takes place
only in ”non-Tangerlini” case M0 = S
2.
We note that in BD-models (U
s, Us) = 2 > 0, since
K(a) = 2 (6.21)
(see (6.14)) for all a = 4, . . . , D − 7.
Remark 2. Here two problems arise. The first one is the existence of the chain of
extensions
BD ←− BˆD ←− SGD ←−MD = FD, (6.22)
where MD = FD is M- or F -theory in dimension D, SGD is supergravitational (field)
theory coinciding with low-energy limit of FD and BˆD is the bosonic sector of SGD. BˆD-
action is the sum of BD-action and Chern-Simons terms. The second problem is the
existence of relations between BD models via dimensional reduction
B11 ←− B12 ←− B13 ←− B14 ←− . . . . (6.23)
For B11 ←− B12 see [29].
We note that BD models have also rather interesting classes of Toda lattice solutions.
The intersection rules for these ”Toda p-branes” may be obtained using general relations
described in the next subsection. (To our knowledge p-brane solutions governed by open
Toda lattices with an Lie algebras were studied first in [8, 10].)
6.3 Generalizations to Toda lattices
Let us consider the Lagrange system (5.29), (5.30), where V (curvature part of potential)
is defined in (5.6). Here we put
(Us, Us) > 0, s ∈ S∗. (6.24)
The Lagrangian (5.29) may be ”block-diagonalized” in z-variables (5.11) satisfying
(5.12), (5.13), ηs = +1 and
Bss′z
s′ = Us(x), (6.25)
s ∈ S∗, instead (5.14). Vectors ~Bs = (Bss′) obey the relations
~Bs1 ~Bs2 = (Us1 , Us2), (6.26)
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s1, s2 ∈ S∗. In z-variables the Lagrangian (5.29) reads
LQ = L0 + LT,Q + Lf , (6.27)
where
L0 = −1
2
(z˙0)2 − 1
2
wξ0d0e
2q0z0, (6.28)
LT,Q =
1
2
∑
s∈S∗
(z˙s)2 − 1
2
∑
s∈S∗
εsQ
2
s exp(2
~Bs~z), (6.29)
Lf =
1
2
ηabz˙
az˙b, (6.30)
~z = (zs); εsQs 6= 0, s ∈ S∗.
Thus, the problem of integrability of the Lagrange system (6.27) is reduced to the
problem of integrability of the Euclidean Toda-like system with the Lagrangian (6.29).
Let vectors ~Bs (or, equivalently, Us), s ∈ S∗, are linearly independent. According
to Adler-van-Moerbeke criterion [30] the equations of motion corresponding to (6.29) are
integrable in quadratures if and only if
2 ~Bs1 ~Bs2
~Bs2 ~Bs2
=
2(Us1 , Us2)
(Us2 , Us2)
= Cs1s2, (6.31)
where C = (Cs1s2) is the Cartan matrix for some semisimple Lie algebra g. When g is
simple LT,Q describes Toda lattice corresponding to g [31]-[33]. ¿From (5.4), (6.14), (6.3)
and (6.31) we obtain the intersection rules
d(Is1 ∩ Is2) = ∆(s1, s2) +
1
2
K(as2)Cs1s2, (6.32)
s1 6= s2, where ∆(s1, s2) is defined in (6.3) and K(a) in (6.13).
When rank( ~Bs, s ∈ S∗) = |S∗| − 1 (i.e. only one vector linearly depends upon others)
the Adler-van-Moerbeke criterion has the form (6.31) with the Cartan matrix correspond-
ing to some affine Lie algebra [30]. In this case a closed Toda lattice arises.
Thus, when relations (6.13) and (6.32) are satisfied, the cosmological model is inte-
grable since it is reduced effectively to (open or closed) Toda lattice.
Uninorm models. Let K(a) = K, a ∈ ∆, and |S| ≥ 2. Then from (6.32) we get
that the Cartan matrix is symmetric. Hence g is of A-D-E type (or simply laced), i.e. it
belongs to one of an, dn, en series. In this case Cs1s2 = 0,−1, for s1 6= s2 and −1 takes
place for some s1 6= s2. Let ∆(s1, s2) ∈ Z. Then, it follows from (6.32) that K should be
even.
Example 1. In D = 11 supergravity K(a) = 2. For S = {s1, s2} and g = a2 = sl(3)
we get the intersection rule
d(Is1 ∩ Is2) = ∆(s1, s2)− 1 = 0, 1, 3 (6.33)
for {d(Is1), d(Is2)} = {3, 3}, {3, 6}, {6, 6} respectively. We see that two membranes are
intersecting in a point.
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Example 2. Let us consider D = 11 supergravity and put |S| = n = 3, d1 = d2 =
d3 = 3, d0 = 1. Let Ωe = {1, 2, 3}, i.e. we consider three non-intersecting electric 2-branes
(Euclidean for w = −1) attached to M1,M2,M3 respectively. In this case Cs1s2 = −1
for s1 6= s2 (the Dynkin diagram is a triangle) and the Lagrangian LT,Q from (6.29)
is closed Toda-lattice Lagrangian corresponding to affine Lie algebra a
(1)
2 . (In this case
curvature term in Lagrangian L0 from (6.28) is absent and (5.13) should be modified.)
The corresponding solutions are expressed in terms of θ-functions [38].
Example 3. Let K(a) = 2 and na = 1 for all a ∈ ∆. ¿From (6.3) and (6.32) we get
χs1χs2λas1 · λas2 = Cs1s2 . (6.34)
This relation implies the appearance of EN (open) Toda lattices in maximal supergrativies
in D dimensions coming from D = 11 supergravity [34].
We see, that the appearance of A-D-E algebras seems to be rather typical for super-
gravitational models (with K(a) = 2).
7 Conclusions
In this paper we obtained exact solutions to Einstein and Wheeler–De Witt equations for
the multidimensional cosmological model describing the evolution of n Ricci-flat spaces
and one Einstein space M0 of non-zero curvature in the presence of composite electro-
magnetic p-branes. The solutions were obtained in orthogonal case (5.4), when p-branes
do not ”live” in M0. As an illustration we singled out the spherically-symmetric solutions
with intersecting non-extremal p-branes.
In classical case we reduced the model to the Euclidean Toda-like system. Applying
the Adler-van-Moerbeke criterion we obtained (Toda) intersection rules (6.32) that imply
the reduction of the cosmological model to (open or closed) Toda lattice. For uninorm
models (K(a) = K, a ∈ ∆) simply laced (A-D-E) Lie algebras appear. We gave some
examples of reduction to Toda lattice (e.g. closed one). Concrete exact solutions will be
considered in separate publication.
Also we developed (general) formalism of (orthogonal) intersections using the notions
of fundamental matrix and binary completeness of the model and gave examples of binary
complete models for d0 = dimM0 = 2 (BD-models). We may suppose that investigations
of intersecting (e.g. Toda) p-branes may be a powerful tool in constructing new higher
dimensional models (that may have supersymmetric or non-local extensions).
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8 Appendix
8.1 Appendix 1: Solutions with Bessel functions
Let us consider two differential operators
2Hˆ0 = − ∂
2
∂z2
+ 2Ae2qz, (8.1)
2Hˆ1 = −eqz ∂
∂z
(
e−qz
∂
∂z
)
+ 2Ae2qz. (8.2)
Equation
HkΨk = EΨk (8.3)
has the following linearly independent solutions for q 6= 0
Ψk(z) = e
kqz/2Bωk(E)
(√
2A
eqz
q
)
, (8.4)
ωk(E) =
√
k
4
− 2E
q2
, (8.5)
where k = 0, 1 and Bω, Bω = Iω, Kω are modified Bessel function.
8.2 Appendix 2: Classical solutions with orthogonal vectors
Let
L =
1
2
< x˙, x˙ > −
m∑
s=1
As exp[2 < bs, x >] (8.6)
be a Lagrangian, defined on V ×V , where V is n-dimensional vector space, over R, As 6= 0,
s = 1, . . . , m; m ≤ n, and < ·, · > is non-degenerate real-valued quadratic form on V . Let
< bs, bs > 6= 0, (8.7)
< bs, bl >= 0, s 6= l, (8.8)
s, l = 1, . . . , m. Denote
ηs = sign < bs, bs > . (8.9)
Then, the Euler-Lagrange equations for the Lagrangian (8.6) have the following solutions
[28]
x(t) = −
m∑
s=1
bs
< bs, bs >
ln |fs(t− t0s)|+ tα + β, (8.10)
where α, β ∈ V ,
< α, bs >=< β, bs >= 0, (8.11)
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and
fs(τ) =
∣∣∣∣AsEs
∣∣∣∣1/2 sh(√Csτ), Cs > 0, Asηs < 0,∣∣∣∣AsEs
∣∣∣∣1/2 sin(√|Cs|τ), Cs < 0, Asηs < 0, (8.12)∣∣∣∣AsEs
∣∣∣∣1/2 ch(√Csτ), Cs > 0, Asηs > 0, (8.13)
|2As < bs, bs >|1/2 τ, Cs = 0, Asηs < 0, (8.14)
Cs = 2Es < bs, bs >, Es, t0s are constants.
For the energy corresponding to the solution (8.10) we have
E =
m∑
s=1
Es +
1
2
< α, α > . (8.15)
For dual vectors us ∈ V ∗ defined as us(x) =< bs, x >, ∀x ∈ V , we have < us, ul >∗=<
bs, bl >, where < ·, · >∗ is dual form on V ∗. The orthogonality conditions (8.11) read
us(α) = us(β) = 0, (8.16)
s = 1, . . . , m.
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